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INTRODUCTION

Nowadays electronical engineers widely use different aseypaided design (CAD) tools for electronic circuit
modelling and optimization. These tools can help signifigato speed up the process of design and to increase
accuracy, but sometimes they meet the limits where thesaengalyes are lost. A typical example is the modelling of
electronical oscillators based on quartz crystal resoaatith outstanding high qualityQ) factor. The authors have
faced the stated problem within the framework of the devwalept of a cryogenic bulk-acoustic-wave (BAW) crystal
oscillator at a relatively low frequency (below 50 MHz). Agual temperatures, ultra stable oscillators (whose traati
frequency stability is better than- 1013 over measuring times of a few seconds) are based on higlityqgahrtz
crystal resonators exhibiting quality factors typicallpse toQ = 1.2-1(° at a resonance frequendy= 10 MHz:
their Q- f product is rather constant for a given quartz crystal cutkimg on a given BAW resonance mode, i.e.
Q- f ~ 12-10'. On the other hand, when such a resonator is activated at getatare lower than 10 K, it®- f
product increases dramatically and can reach 380% at 42K [1], [2]. Also, SiGe heterojunction bipolar transistor
are proved to be a good choice of an low-noise active deviceyagenic temperatures (details of device measurements
and modelling can be found if8]). So, such low-noise active devices and h@hesonators provide a possibility of
the cryogenic oscillator creation.

Usually two common solutions of quartz oscillator modejlare used. The first solution is a combination of AC and
Transient analyses with ordinary SPICE simulators. The A@lysis is used to find the oscillation frequency and the
in-circuit quality factor. The transient analysis is usedheck those results, but the circQitis significantly reduced in
order to decrease simulation time and often to get an algortonvergence towards a nontrivial solution. As a result
it is not possible to obtained true values of currents anthgels in the circuit (as well as such an important parameter
as the quartz crystal dissipation power). In addition tg,tbptimization of the system may pose additional problems,
since it requires both AC and Transient analyses on eaddtitterstep. So, this process can hardly be automated.

The second solution is known as harmonic balance (HB) tecteniThis type of analysis is realized in some
commercial RF-circuit simulators, such as ADS from Agilamid Harmonica (Serenade) from Ansof. Nevertheless,
such sophisticated and expensive simulators are capaligbfQ oscillator modelling, but this task is very time
consuming and requires very good initial guess for os@ltefrequency (since there is now explicit source of frequyen
in the circuit). The last point requires an additional stag&C Analysis on each iteration step.

Whatever the case, for extroardinary values of quality diaathich can be reached at cryogenic temperatures
convergence to the result is not guaranteed. These facte makmatic optimization difficult and inefficient.

To overcome all the difficulties connected to hi@hescillators modelling we propose another simple but eiffect
technique, which is more analytical than numerical and daggequire any SPICE or Harmonic Balance Simulators.
In rather simple circuits all the concerning parameters inaycalculated analytically or, in more elaborated cases,
realized with simple home-made software. These paramatelisde the oscillating frequency, the amplitude of the
first harmonic and DC solution, the active power dissipatedhle resonator and the oscillator, the in-circQifactor.

In the fillowing sections we will discuss different stagestloé proposed technique. For the explanation a Colpitss
quartz crystal oscillator (see Fig. 1) is used, but this mégpie can be used for other types of oscillators with lumped
components.

OSCILLATING FREQUENCY AND FIRST HARMONIC AMPLITUDE CALCUL  ATION

At this stage of the present technique one should transfarrosgillator circuit into a closed loop system with
linear and nonlinear elements, which is widely used in adrgystem theory. The main idea here is to unite all linear
dynamic components (inductors, capacitors and resissgnaed process them as one linear block, which is connected
in parallel with a nonlinear one. In our case the nonlineangonent is a BJT or HBT transistor. The quartz crystal is
considered here as a linear network, which consists of asembtional branch (elemen®, R, andLy) and parallel



capacitance.

Fig. 1. Colpitts quartz crystal oscillator

From the oscillator circuit which is shown in Fig. 1 one mayab its full equivalent circuit shown in Fig. 2 (a). To
do this it is needed to apply not only the rules of parallel aades connection of elements, but alsd ¥quivalent
transforms. As a result, the oscillator consists of lindamentszZ;(p), Zz2(p), Z3(p), Z4(p) andZs(p), wherep = %.
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Fig. 2. Steps of oscillator transformations

A nonlinear model of the BJT transistor must be considerede lan Ebers-Moll model (see Fig. 2 (b)) consisting
of a nonlinear elemerit = It (uge) and a linear current source= asig.

Now, following the same rules of linear elements transfdiomaone may obtain the one loop oscillating circuit with
one source of bias (see Fig. 3 (a)), one linear and one nanmliviecks. The dependent current source is transformed
into a dependent voltage source and then into negativetaesis Finally, the system dynamics can be represented
with a single formula:

E - Hz(p) = uge +Z(p) - 11 (use), 1)

whereugg is the system variable (voltage between base and emittdneofrainsistor). The simple circuit shown in
Fig. 3 (a) characterized with equation (1) may be consida®@ closed loop in the nonlinear control theory (see
Fig. 3 (a)). Such a loop has two main variables: the emittereciie and the voltage base-emittese.
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Fig. 3. One loop oscillator representation: (a) - equivatgrcuit, (b) - block-diagram, wherg (uge) is a
nonlinear part



The resulting circuit (Fig. 3) has the same dynamics as thialimne (Fig. 1), since no simplification (except for
the model of the transistor) has been made. This means fisalotip can also be used for the oscillator modelling
as well as the initial circuit. The fundamental differencvbeen these two variants is that the former represents the
lowest order of entropy, and the latter is its variant with thighest entropy level (so it may correspond to a vast class
of lumped oscillators).

The oscillator behaviour can be regarded from the point efwif the block-diagram Fig. 3 (b), so that all methods
of nonlinear control system investigation from the conthaory (including investigation of oscillation conditincan
be used here. Different methods have already been investiga find amplitude and frequency of oscillations for this
type of nonlinear systems. In this work we consider the netifalescribing functions. The describing function method
(which is also sometimes called the Harmonic Balance meihaxbntrol theory) does not have a strict mathematical
proof, though it is physically clear and correct. This methe very usefull for high-order systems and helps to find
oscillation conditions. The main criterion of the methoddscalled “filter hypothesis”, which means that the lineartp
of the system has to filter the main harmonic and suppresssotigich arise at the output of the nonlinear element.
This can be quantitatively expressed as follows:

"E_k Z (jkw)
ie1l Z(jw)
whereig; andigg are correspondingly amplitudes of the first el harmonics of the emitter currerit & 2). It is
clear that this condition is satisfied for such transfer fioms which have helical gain-phase characteristic. Tius,
oscillating regime a harmonic balance is reached: higleohérmonics of emitter current produced by nonlinear part
are suppressed by linear one, and the sigaal(which is closed to a sine signal, since harmonics are sgppd is
applied to the nonlinear part.

To illustrate the method a following example is consideféd: 4 shows Bode plot of oscillator linear parf ((jw))
for different values of quartz quality factor: 3,01°, 10’ for the same values of resonance frequency and motional
resistance.
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Fig. 4. Bode plot of the linear paf (jw) for different values of the quartz crystal quality fac@r(1) - 1,
(2) - 13, (3) - 10 (with the same values of resonance frequency and motiosiataace). Numerical
values (see Fig. 1) areE = 5V, R. = 330Q, L; = 10uH, R; = 10kQ, R, = 15kQ, Re = 1.5kQ,
C; = 150pF,C; = 330pF,C3 = 1nF, C4 = 180pF, a; = 0.99, ro = 1Q. The quartz crystal has the
resonant frequency df = 10MHz, motinal resistance & = 94Q and shunt capacitan€® = 2pF.

From Fig. 4 it is clear that the linear part of the loop worksaaselective filter with a—rm phase shift at the
oscillating frequency (anothert phase shift to fulfill the Barkhausen conditions origindtesn the negative sign of
the feedback). So, the linear transfer functi&gjw) extracts one frequency or works as a discriminator. Thukerfi
hypothesis* holds true, so the describing function methax loe applied here.

To find the angular oscillating frequeneoy = 21rfg one needs to solve equatibmn{Z| (j ab)} =0 either analytically
or numerically, since the nonlinear element is static.

Using the transfer function of a harmonically linearizechlimear elemenHn(s,a,Vp) (wheresis a Laplace variable,
a is the first harmonic amplitudd/y is a DC component) one can find parameters of system osmiltccording



to Goldfarb and Kochenburger theol], [4]. According to this theornHs(s,a,Vp) acts as linear one at the stability
threshold. So, one can write an oscillation condition (Fa first harmonic) taking into account that a bode charatteri
of the closed loop has to pass through a pding - 0), or Hn(s,a,Vo)Z (S) = —1. In other words to find the amplitude
an frequency of the oscillation one needs to find the intéise@oint betweery, (jw) and —1/Hn(jw,a,Vp) in the
complex plane.

If the nonlinear function is approximated with a polynom bé tthird order:

It =ho+hy - ugg + hy - Ude + hg- Udg, (3)
then the DC component of the base-emitter voltagsg ) can be found as a solution of the following equation:
kaU3e, + KaUg, + kalse, + ko =0, 4)
where 4 8 h2 1
ks=2hs, k2= (-12h3—8hy), ki= (—Zhl— Zia ~2hy— §h_2 n m)
ko — 2ho dhy 4 by EH(0)

3 hs 3hsZ(jw) 2(0)°
And, the first harmonic amplitude is found as follows:
2 3hgupg, +hy + 2hougg, +1/Z (jan)
Upe, = — 3
2'13
If more acurate solution is needed the higher harmonics neafpbind[3].

So, as we see all calculations of highgquartz oscillator may be performed in an analytical form & solution,
first harmonic amplitude and oscillating frequency, thosgme other well-known approaches from the control system
theory may be applyed here. The whole oscillator analysés ¢t require any simulator software, both simple SPICE
or Harmonic Balance.

: (®)

POWER DISSIPATED IN A CRYSTAL RESONATOR

The power dissipated by a quartz crystal resonator is aarparameter of the oscillator design. If the active power
of the quartz is high enough then it evinces nonlinear phe&amanand is a subject to fast ageing. For cryogenic crystal
resonators this problem is more vital since the maximum iptesgevel of dissipated power is much less at very
low temperatures than at room temperature. Converselyeifatttive power is very small, than in real conditions the
mechanical vibration cannot be excited. So, in the coursasofllator design and optimization, this parameter has to
be taken into account.
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Fig. 5. P(f) around the resonance frequency foe= 1mA and different values of the quartz crystal quality
factorQ: (1) - 1¢%, (2) - 5-107, (3) - 10




For a given solution of the system described above one carafittrently and a voltageJy of the quartz crystal
(whose impedance is denoted A3. In order to do that an oscillator can be represented as gbsolinear network
from the nonlinear element to the quartz crystal itself. fibalinear element has to be substituted for a current source
li which has a frequency and an amplitude of the first harmonicesponding to the given solution. After that a
transfer functiorH;(jcw) from the current; to currently has to be found with the help of the linear network analysis.
Here the DC voltage source of the circuit has to be eliminatgde DC and first harmonic solutions are independent
for linear networks and the quartz crystal does not have a @nt component.

The active power dissipated inside the crystal resonatorbeaexpressed as:
. ./ . . 2 .
P = Re(Ux(jw) - Ix(jw)) = [Hi(jo)li(jw)|"Re(Zx(jw)). (6)

As an example Fig. 5 shows dependaf¢é) for a high-Q resonator (18) around a resonance frequency of about
fr =31.252MHz for the current of nonlinear element equal to 1mA.cAlsur numerical experiments have shown that
for different values ofQ and constant values of the resonance frequency, the adgiverpdissipated inside a quartz
crystal is the same, but in the same time oscillation frequamanges considerably.

OSCILLATOR QUALITY FACTOR

The oscillator quality factor is the principal parametettie course of oscillator phase noise optimization. In order
to achieve the highest possible frequency stability onelsée maximize this parameter.

The oscillator quality factor can be calculated from thensfar functions of the linearized oscillator open loop, i.e
its small signal model. This transfer function also can benfbanalytically. To do this the oscillator loop is divided
into two parts (see Fig. 6): a resonant network and an amplifin current transfer functions:

He(jw) = & Ha<jw>='|iij @)

liz
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Zf(l

Fig. 6. Resonant network and amplifer with their loads

In order to find the transfer functiorid; (jew) andHa(jw) one needs to find the load resistan@asand Z;;. For
that, a closed oscillator loop can be represented (withemkt 6f generality) as a infinite chain of subcircuits: ameiii
and resonant networks (see Fig. 6). If the resonant cirsutite first block of the chain, then the input impedance of
this chain corresponds to the amplifier load, and vice versa.

The input impedance of the infinite chafy, (Fig. 7) can be easily found using a simple statement: if that fi
periodic unit of the infinite chain with the input impedangg is removed, then the rest of the chain has the same
input impedance&;,. This statement is obviously clear from the physical natfréhe periodic infinite circuit. Also,
this statement means that the rest of the infinite circuitlmassubstituted for the impedanZg, in other wordsZi, is
a function ofZ;,;. This fact results in a second order algebraic equation effeliowing form:

AZ2 +BZja+C=0, (8)

where A, B andC are parameters which depend on the circuit elements. The sgme of equation may be found
analytically for the load impedand&;. This leads to analytical expressions of amplifier and rasbnetwork transfer
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Fig. 7. Equivalent circuit for the load impedance of the resa network Zi3)

functions, which in our case are expressed as follows:

x RoZe
Zy+Zia’ ((1—0)Rp+re)(zir 'f'ze)'f'zezir7
whereZe is the impedance of1 andRe parallel connectionR; is the resistance dR; andR, connected in parallel,
a andr, are transsistor linearized parameters.
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Fig. 8 shows amplitude-frequency (a) and phase-frequén)ah@racteristics of the resonant network and the amplifier

respectively. Fig. 9 shows the dependenc%%’ot/ersus frequency, which is sufficient to find the oscillatoality factor:
o fod )
- 2df 2 df li=f,

This expression also can be found analytically and is edprivdo results of SPICE AC analysis.

(10)

arg(H (2mtf j)Ha(2mf j)) ‘ iy

OSCILLATOR PARAMETRIC OPTIMIZATION

In introduction to this paper we have shown that optimizatid very high€Q oscillators in the case of traditional
simulation approaches is a manual tiring process. Attemmptptimization automatio5] meet three main problems:
convergence problem (all types of analyses have to convengeach iteration step); optimization time problem
(this process is extremely time-consuming); need for ohffé types of analyses on each iteration step; limitation
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Fig. 10. Correction principle

of optimization algorithms posed by a simulating softwaCentrary to that the proposed approach has no all this
drawbacks. First, analytical methods have absolute cgawee contrary to numerical. Even though some numerical
techniques can be used to find the oscillating frequency inensophisticated circuits, the convergence of such an
algorithm may be rather high, since the task is to find thesr@fta polynomial equation when an initial guess is
very close to the solution. Second, the approach is very §&ste analytical expressions immediately give values of
all parameters. Circuit transformations are performed quee time before the optimization process (an example of
calculations on each iteration step is given[&). Third, method does not require any additional types oflyaim
with any of external simulating tools either SPICE or HB. 8oyell suits for home-made software realization and
any appropriate optimization algorithm may be used withghesented approach.

For oscillator optimization, derivative-free methods Hre most suitable. Amoung them we can highlight the Nelder-
Mead method, genetic algorithms and simulated annealitgchwhave been successfully used for optimization of
high-order electro-mechanical systefis

OSCILLATOR NOISE CORRECTION

In the considered case not only parametric, but also stralctptimisation is possible, when the system structure
is changed by an additional feedback. This feedback caritriesbetter phase noise reduction among other effects.
Though no structural changes are introduced into the maiflasg loop the dynamical behaviour of the system can
be changed significantly. The idea of such a correction besotfear considering Fig. 10. The main oscillating loop
of the system is positive (Sincg(jay) is real and negative). The second negative loop makes al pgtta from a
measurable system variale of linear p3rtjw) to the system input variablE, i.e. power source voltage. So, in a
corrected oscillatorE is no more constant as in the usual case.

We have demonstrated this effect with a real prototype, wigca simple room-temperature quartz crystal Colpitts-
type oscillator (our prototype does not have a voltage aguland an output isolation amplifier. The temperature
control of the crystal is not adjusted at its turn-over ppitts measured Allan deviation with and without additional



feedback is shown in Fig. 11. The quartz crystal voltelges chosen here as a reference variable for the second loop.
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Fig. 11.0y(1) for the oscillator measured against an H-maser: (1) witltoutection, (2) with correction

Though this oscillator has not been optimized yet the singaldition feedback demonstrates considerable noise
reduction. Further consideration of this effect is a subggcanother work.

CONCLUSION

This work presents a technique, which can be successfudlg & optimization of high? oscillators in terms of
phase noise. This technique is based on analytical caloatatnd helps to find all important oscillator parameters,
such as oscillation frequency, DC solution, first harmomightude, circuit quality factor. The oscillation frequsn
can be made analytically with the help of some numericalriegles. The advantages of the approach make it easy to
implement the oscillator automatic optimization withoutyeSPICE or HB simulators. The presented transforms help
to represent the oscillator in the system form which is widgded in control system theory and consequently use its
methods. Besides parametric optimization the given tmansshows the idea of structural optimization with the help
of an external feedback. Experimental results show thec#fmess of such a correction.
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